Delayed interactions are a common property of coupled natural systems. For instance, signals in neural or laser networks propagate at finite speed giving rise to delayed connections. Such systems are often modeled by delay differential equations with discrete delays. We show that by a selective timeshift transformation it is often possible to reduce the number of different delays. We identify dynamic invariants of this transformation, determine its capabilities to reduce the number of delays and interpret these findings in terms of the topology of the underlying graph. In particular, we show that networks with identical generalized round-trip times along the fundamental semicycles are dynamically equivalent.
Time delays play an important role in networks of coupled dynamical systems. For instance, in neuronal networks [1] [2] [3] [4] [5] delays occur due to the finite propagation times along the axons or to reaction times at chemical synapses. Similarly, the propagation of light between interacting lasers [6] [7] [8] may cause significant time delays. Depending on the physiological properties of axons and synapses, the delays of signals between different cells in the network differ and in practice there are as many different delays in the network as there are links between single neurons. Such a diversity of delays was shown to enable the design of robust pattern generating systems [9, 10] and to play an important role in neural processing of temporal information [11] . Hence, to study such natural systems, one would need to study models involving numerous different delays. Independently of the physical origin, dynamics in networks of interacting systems can often be described by the equationṡ
where x j (t), j = 1, . . . , N, denotes the dynamics of a node j and P j is the set of all other nodes of the network connected to the node j. For instance, x j may be considered as a dynamical variable describing the dynamics of one neuron in the network. Taking into account finite time delays τ jk , which occur due to the signal propagation time from a node k to the node j, the coupling terms contain all variables x k which are connected to x j with corresponding time delays τ jk . Here we consider directed networks, thus one may generally have τ jk = τ kj or even k ∈ P j while j / ∈ P k . We assume that the network is connected and hence, the number L of links is larger than N − 1.
For a network of N systems, up to N 2 different time delays may occur in (1). By allowing several connections from one system to another, the number of delays can increase even more.
This creates immense challenges for the analysis of the system, since every single delay may alter the properties and dynamics significantly [12] [13] [14] [15] [16] . The interaction of several delays is even more complicated [8-10, 17, 18] and not fully understood so far.
In this Letter we show how the number of different delays can be reduced. It appears that any connected network possesses a characteristic number of delays which is essential for describing the dynamics. This number of essential delays equals the cycle space dimension C = L − (N − 1) of the underlying graph and is usually smaller than the number of distinct τ jk . We show that the essential delays correspond to generalized round-trip times along fundamental semicycles in the network. Networks which have the same local dynamics and the same set of essential delays can be considered as equivalent from the dynamical point of view.
As a simple illustrative example, let us consider a ring of unidirectionally coupled systemṡ
with inhomogeneous coupling delays τ j . It is known [19, 20] that this system can be reduced to the ring where all time delays are equal to τ = 1 N τ j . This can be done by a separate time-shift transformation for each node
Indeed, the transformed variables y j (t) fulfill
and if the shifts η j are chosen appropriately, all hitherto distinct delays become the same while their sum along the ring, the round-trip time Nτ , is preserved. This homogenization of delays was applied to simplify the analysis of the solutions in systems (2) with inhomogeneous delays [20, 21] . Conversely, the same transformation was applied to design pattern generators [9, 10] starting from the system with homogeneous delays. Our aim is to use the timeshift transformation (3) to reduce the number of different delays in networks with arbitrary topology.
Applying (3) to (1), we obtain the new systeṁ
withτ jk = τ jk + η k − η j . We proceed by exploring possible delay reductions in basic network motifs, which consist of exactly one semicycle (a cycle in the underlying undirected graph) and are depicted in Fig. 1 .
Motif I. Dynamics on network I is described by the system of equationṡ
The transformation (3) leads to the same system for y j but with different delaysτ j = τ j + η 1 −η 2 , j = 1, 2. Without loss of generality we assume τ 1 < τ 2 . By choosing
Figure 1: Simple motifs consisting of one semicycle.
we obtainτ 1 = 0 andτ 2 = τ 2 − τ 1 > 0. Thus, the transformed system contains only one delayed connection -the other one becomes instantaneous. In case τ 1 = τ 2 we obtaiñ τ 1 =τ 2 = 0, which means that both delays can be eliminated. Thus, the dynamics in motif I for τ 1 = τ 2 can be described by a system with just one delay, and for τ 1 = τ 2 the system reduces to an ordinary differential equation. Note that the quantityτ 2 −τ 1 = τ 2 − τ 1 remains invariant.
Motif II. After applying transformation (3) to motif II, the delays change toτ
It is easy to check that by appropriate choice of η j one obtains a system of equations with a single delay. For instance, it can be done by requiring that all new delays are identicalτ 1 =τ 2 =τ 3 ≡ τ . In this case the delay time is τ = τ 1 − τ 2 + τ 3 . The corresponding time shifts can be chosen as η 1 = µ, η 2 = µ + τ 2 − τ 3 , η 3 = µ + 2τ 2 − τ 1 − τ 3 with an arbitrary constant µ. Simple calculations give five different reductions to a single delay as shown in Table I . Note that some of the reductions lead to negative delays in the resulting network, which should be avoided since the dynamics in such systems are unstable [22] . For example, in the case τ = τ 1 − τ 2 + τ 3 < 0 there is only one suitable reduction (τ 1 =τ 3 = 0 andτ 2 = −τ ). Summarizing, the motif II always admits a reduction to one delay T = |τ 1 − τ 2 + τ 3 | = |τ 1 −τ 2 +τ 3 |. This invariant quantity can be considered as a generalized round-trip time, taking into account the directionality of the connections. In the case τ = 0 the delays can be eliminated.
Motif III. Similarly, for the motif III [ Fig. 1-III] , one can reduce the four different delays τ 1 ,τ 2 , τ 3 , and τ 4 to a single delay τ . Formally, ten different combinations are possible, which are listed in Table I(c). As in the case of motif I a reduction to uniform delays at each link is impossible for this case. But, as in the other examples, a reduction to a system with only one delayed connection can be achieved. Further, the generalized round-trip T = |τ 1 − τ 2 − τ 3 + τ 4 | is preserved for any reduction. When this round-trip is zero, all Table I : Possible reductions to a single delay in motifs I, II, and III [see Fig. 1 ]. The values of the delay τ are as follows:
In each case, the generalized round-trip is given by T = |τ |.
delays can be eliminated. 
Here τ (ℓ j ) is the time delay along the link ℓ j and Γ j is either +1 or −1 depending on the direction of the link ℓ j with respect to an arbitrary but fixed orientation of the semicycle.
Note that the orientation can be chosen in two different ways, which corresponds to opposite signs of Γ j . The obtained value for T (c) is independent of the choice of orientation.
It is possible to prove that there is a choice of timeshifts η j and a set S = {ℓ 1 , ..., ℓ N −1 } of N − 1 links, such that the delaysτ jk = τ jk − η j + η k in the transformed equation (4) are zero on all links contained in S and non-negative on all other links. In fact, the set S is a spanning tree: a set of N − 1 links which does not contain any semicycle. The addition of any link ℓ / ∈ S results in a set S ′ = S ∪ {ℓ} which contains exactly one semicycle. This is the fundamental semicycle corresponding to ℓ. The transformed delayτ (ℓ) on the link ℓ equals the round-trip delay of this fundamental semicycle [ Fig. 2(a) ]. To prove this claim one can inductively construct timeshifts and the corresponding spanning tree, which contains instantaneous links. Details will be presented elsewhere [23] . Consequently, the number of delays in the transformed system can be reduced to at most
The number C has a well known meaning for network graphs [24] : It is the cycle space dimension which is defined as the maximal number of independent cycles. Here, a set of cycles is called independent if neither of the cycles is obtained as a sequence of the other ones in the set. For instance, in the network given in Fig. 2(a) the cycle space dimension is C = 5 and in the one depicted in (b) it is C = 3.
We call C the essential number of delays since it is the minimal number of different delays to which the number of delays in a network can be reduced generically. Here, generically means that the conditions which allow for further reduction of delays form a nullset in the parameter space of delays R L ≥0 = {τ jk | τ jk ≥ 0} of the original system (1) [23] . Dynamical invariants. There is a natural correspondence between solutions of the original system (1) and the transformed system (4): Any solution x (t) = (x j (t)) 1≤j≤N of (1) be identified with its transformation, y (t) = (x j (t + η j )) 1≤j≤N , which is a solution of (4), see Fig. 3 . As a result, many important properties of solutions like stability, frequency of oscillation, amplitude, etc., remain the same within a class of equivalent systems. They depend only on a set of generalized round-trip time delays, but not on the specific delays τ jk . As a consequence it is possible (and favorable) to perform bifurcation analysis in the reduced parameter space. Practically, one considers round-trips on a set of fundamental semicycles instead of single delays as parameters of the system.
The following example is intended to provide an idea of possible applications and merits of the results presented in this article. Let us consider the network of Mackey-Glass systems [7, 25, 26] ẋ
10 ,
where the summation is performed over all coupled nodes k ∈ P j . The coupling topology is shown in Fig. 2(b) . The parameters are fixed to γ = 0.1, c = 0.525 and β = 0.2. Although the total number of delays is 8, one can parametrize all of them by the three round-trips T (c j ), j = 1, 2, 3, on the fundamental semicycles [ Fig. 2(b) ]. For further investigation we fix T (c 3 ) = 7 and T (c 2 ) = 10 wherever only T (c 1 ) is varied.
Firstly, the delays in the network were set up randomly in such a way that the round-trips Note that all results which are presented in this paper can be extended straightforwardly to networks with multiple links from one cell to another (see, for instance, motif I in Fig. 1) and to other types of local dynamics like time-discrete systems or evolution equations.
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